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1. $f$ $k$ ,
$- \frac{d^{2}u}{dx^{2}}+\frac{k}{x^{2}}u+u=f$, $x\in \mathbb{R}$
$u$ $\underline{\prime ae\text{ }}$Fourier $\text{ }$ \Phi , $ku/x^{2}$
. , $D$
-D2u $lu=f$
, . , Fourier
$d/dx$ $iy(y\in \mathbb{R})$ . ,
$D$ $iy$ B( $B^{-1}$ ) ,
$y^{2}Bu+Bu=Bf$
. $k$ $D$
$d/dx$ , $B$ Fourier . $B$
Fourier 1 . , $ku/x^{2}$ Fourier
, $B$ .
2. $f$ ,
-si$\mathrm{n}^{2}x\frac{d^{2}u}{dx^{2}}$ - 2 $\sin x\cos x\frac{du}{dx}-\frac{1-3\sin x}{4}u+u=f$ , $x\in(0, \pi)$
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$u$ . $x\in \mathbb{R}$ $x\in$ $(0, \pi)$ , Fourier
$u$ , . ,
$D$
$-D^{2}u+u=f$
. ( 1 $D$ ) $D$ $iy(y\in \mathbb{R})$
$W$ ( $W^{-1}$ ) ,
$y^{2}Wu+Wu=Wf$
.
1, 2 $\underline{\text{ }\underline{\sim}\gamma}$XFourier ffl , $\underline{\prime ae\text{ }}$Fourier fflffi
. Fourier
, $D$ Sobolev ,
Sobolev . $a\underline{e’\text{ }}$\emptyset Fourier ffl\Re
, .
2 2 Fourier
, 2 Fourier .
1 Fourier , [5], [6], [7], [8], [9], [10], [11], [13]
.
, 2 $D$ :
$D=-$ si$\mathrm{n}x\frac{\partial}{\partial x}-\frac{1}{2}\cos x$ , $x\in$ $(0, \pi)$ .
Dirac formalism ([1], [4]) $S^{1}$
.
, $iD$ Hilbert $L^{2}(0, \pi)$
, . , $y\in \mathbb{R}$ $y$
$y:U(y)\mapsto yU(y)$ , $U\in D(y)=\{U\in L^{2}(\mathbb{R}) : yU\in L^{2}(\mathbb{R})\}$ (2.1)








2 $iD$ Hilbert $L^{2}$ $(0, \pi)$
, .
$D$ :
$D(D)$ $=$ $\{u\in L^{2}(0, \pi) : u\sin x\in W_{0}^{1,2}(0, \pi)\}_{:}$
Du $=$ -D$(u \sin x)+\frac{1}{2}u\cos x$ , $u\in D(D)$ ,
, $Dv$ $v$ Fourier $\cos nx$ $\sin nx$ (n
) $D$ (D) .
Hille-Yosida , .
Theorem 3.1 ([14, Theorems 2.4, 2.5]). (i) $iD$ $D$ (D)
.
(ii) $-iD$ $\mathbb{R}$ .
- ([4]) $-iD$
-iDu, $=yu_{y}$
. , $y$ $u_{y}$
$u_{y}(x)=C \frac{1}{\sqrt{\sin x}}\exp[-iy$ $\ln\tan\frac{x}{2}]$ , $y\in \mathbb{R}$ , $x\in(0, \pi)$
. , $C$ . , $C=1/\sqrt{2\pi}$
, i.e.,




$\overline{u_{y}(x)}u(x)dx$ , $u\in C_{0}^{\infty}(0, \pi)$ , (3.1)
$\mathcal{W}$U(x) $=$ $\int_{\mathrm{R}}u_{y}(x)U(y)dy$ , $U\in F^{-1}C_{0}^{\infty}(\mathbb{R})$ . (3.2)
, $F$ Fourier , $F^{-1}C_{0}^{\infty}(\mathbb{R})$ Fourier $C_{0}^{\infty}(\mathbb{R})$
, $\mathrm{i}.\mathrm{e}.$ ,
$F^{-1}C_{0}^{\infty}(\mathbb{R})=\{F^{-1}w : w\in C_{0}^{\infty}(\mathbb{R})\}$
$L^{2}(0, \pi)$ , $L^{2}$ (R) $(\cdot, \cdot),$ (., $\cdot$ )R lemma .
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Lemma 3.2 ([14, Lemma 3.1]). (i) $W$ $C_{0}^{\infty}(0, \pi)$ $F^{-1}C_{0}^{\infty}(\mathbb{R})$
,
$(Wu, Wv)_{\mathrm{R}}=(u, v)$ , $u,$ $v\in C_{0}^{\infty}(0, \pi)$ .
, $W$ one-tO-One .
(ii) $\mathcal{W}$ $F^{-1}C_{0}^{\infty}(\mathbb{R})$ $C_{0}^{\infty}(0, \pi)$ ,
$(\mathcal{W}U, \mathcal{W}V)=(U, V)_{\mathbb{R}}$ , $U,$ $V\in F^{-1}C_{0}^{\infty}(\mathbb{R})$ .
, $\mathcal{W}$ one-tO-One .
Lemma 3.3 ([14, Lemma 3.2]). $W,$ $\mathcal{W}$ . , $\mathcal{W}=$
$W^{-1}$ .
, $C_{0}^{\infty}(0, \pi)$ $L^{2}(0, \pi)$ dense , $F^{-1}C_{0}^{\infty}(\mathbb{R})$ $L^{2}(\mathbb{R})$ dense
. $W$ $L^{2}(0, \pi)$ , $L^{2}$ (R)
; $W$ $L^{2}(0, \pi)$ $L^{2}(\mathbb{R})$ ,
Theorem 3.4 ([14, Theorem 3.3]). $W$ $L^{2}(0, \pi)$ $L^{2}(\mathbb{R})$
.
Remark 3.1. (3.1) $u\in L^{2}(0, \pi)$ .
(3.2) ( , $\mathcal{W}$ $W^{*}$ ) $U\in L^{2}(\mathbb{R})$
; (3.2)( , $\mathcal{W}$ $W^{*}$ ) $U\in D(y)$ (see (2.1))
.
Proposition 3.5 ([14, Proposition 3.4]). $D$ (y) (2.1) .
, $U\in D$ (\emptyset
$W^{*}U(x)= \int_{\mathrm{R}}u_{y}(x)U(y)dy$ $(\mathrm{a}.\mathrm{e}. x\in[0, \pi])$
Hilbert $L^{2}(0, \pi)$ $iD$ $W$ Hilbert
$L^{2}(\mathbb{R})$ ( ) $y$
.







$\frac{\partial u}{\partial t}=\sin x\frac{\partial^{2}u}{\partial x^{2}}+2\sin x\cos x\frac{\partial u}{\partial x}+\frac{1-3\sin x}{4}u$ , $t>0,$ $x\in(0, \pi)$ ,
$u(0, x)=f(x)$ , $x\in(0, \pi)$ .
(4.1)
$f\in C_{0}^{\infty}(0, \pi)$ , $u\in D$ (D2)
$D^{2}= \sin x\frac{\partial^{2}}{\partial x^{2}}+2\sin x\cos x\frac{\partial}{\partial x}+\frac{1-3\sin x}{4}$
, :
$\{$
$\frac{du}{dt}=D^{2}u$ , $t>0$ ,
$u(0)=f$.
(4.2)






Proposition 3.5 $W$ , explicit .
Corollary 4.1 ([14, Corollary 4.1]). $f\in C_{0}^{\infty}(0, \pi)$ . ,
$u(t, x)= \frac{1}{\sqrt{4\pi t\sin x}}\int_{0}^{\pi}\frac{1}{\sqrt{\sin\xi}}\exp[-$ (ln $\frac{\tan(\xi/2)}{\tan(x/2)}$) $2/(4t)]f(\xi)d\xi$
erplicit $u$ (4.1) .
$L^{2}(0, \pi)$ $\circ$ :
$\{$
$\frac{\partial^{2}u}{\partial t^{2}}=\mathrm{s}$i$\mathrm{n}^{2}x\frac{\partial^{2}u}{\partial x^{2}}+2\sin x\cos x\frac{\partial u}{\partial x}+\frac{1-3\sin x}{4}u$ , $t\in \mathbb{R}$ , $x\in$ $(0, \pi)$ ,
$u(0, x)=f(x)$ , $\frac{\partial u}{\partial t}(0, x)=g(x)$ , $x\in(0, \pi)$ .
(4.3)
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$f,$ $g\in C_{0}^{\infty}(0, \pi)$ , $u\in D$ (D2)
(4.1) ,
$\{$
$\frac{d^{2}u}{dt^{2}}=D^{2}u$ , $t\in \mathbb{R}$,
$u(0)=f$, $\frac{du}{dt}(0)=g$ .
(4.4)
3.6 (4.4) $W$ ,
$\{$
$\frac{d^{2}U}{dt^{2}}=-y^{2}U$, $t\in \mathbb{R}$ ,
$U(0)$ $=Wf$, $\frac{dU}{dt}(0)=Wg$ ,
, $U=Wu$. ,
$U(t)=Wf \cos yt+Wg\frac{\sin yt}{y}$ .
Proposition 3.5 $W$ , explicit .
Corollary 4.2 ([14, Corollary 4.2]). $f,$ $g\in C_{0}^{\infty}(0, \mathrm{r})$ ,
$x\pm=2\tan(e^{\pm t}\tan \mathrm{D})$
$\text{ _{}4}$ ,
$u(t, x)$ $=$ 25 $\{f(x_{+})\sqrt{\sin x_{+}}+f(x_{-})\sqrt{\sin x_{-}}\}$
$+ \frac{1}{2\sqrt{\sin x}}\int_{\mathrm{l}\mathrm{n}\tan(x/2)-t}^{1\mathrm{n}\tan(x/2)+t}g(2\tan e^{\xi})\sqrt{\sin(2\tan e^{\xi})}d\xi$
$e\varphi licit$ $u$ (4.3) .
5 Dirac formalism $S^{1}$
( , )







. , $\hslash=1$ . , $x\in$ $(0, \pi)$ $x\in(-\pi, \pi)$
. Theorem 3.1 , corollary
.
Corollary 5.1 ([14, Corollaries 5.1, 5.2, 5.3]). (i) $-iD$ $\mathbb{R}$
, $L^{2}(0, \pi)$ .
(ii) $iD$ $\mathbb{R}$ , $L^{2}(-\pi, 0)$
.
(iii) (i), (ii) , $iD$ $\mathbb{R}$ ,
$L^{2}(-\pi, \pi)=L^{2}(0, \pi)\oplus L^{2}(-\pi, 0)$ .
, Theorem 3.6 , $L^{2}(0, \pi)$ $iD$ $L^{2}(\mathbb{R})$
$y$ $W$ . , $L^{2}(-\pi, 0)$
$iD$ , $L^{2}(\mathbb{R})$ $y$ .
, $L^{2}(-\pi, \pi)$ $iD$ , $L^{2}(\mathbb{R})\oplus L^{2}(\mathbb{R})$
$y\oplus y$ .
, Fourier $L^{2}(\mathbb{R})\oplus L^{2}(\mathbb{R})$ $y\oplus y$ $L^{2}(\mathbb{R})\oplus$
$L^{2}(\mathbb{R})$ $(-id/dx)\oplus(-id/dx)$ 7
.
Corollary 5.2. $L^{2}(-\pi, \pi)$ $iD$ , $L^{2}(\mathbb{R})\oplus L^{2}$ (R)
$(-id/dx)\oplus(-id/dx)$
.
Remark 5.1. Hilbert $L^{2}(\mathbb{R})\oplus L^{2}(\mathbb{R})$ 2 , $\mathbb{R}$
1/2 .





, $W$ $D$ Sobolev ,
.
Definition 6.1 ([15, Definition 1.7]).
$\mathcal{H}^{m}(0, \pi)=\{u\in L^{2}(0, \pi)$ : $\int_{\mathbb{R}}(1+|y|^{2})^{m}|Wu(y)|^{2}dy<\infty\}$ ,
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, $m=0,1$ , $2,$ $\ldots$ .
, Sobolev
$(u, v)_{m}= \int_{\mathrm{R}}(1+|y|^{2})^{m}Wu(y)\overline{Wv(y)}dy$ , $u,$ $v\in \mathcal{H}^{m}(0, \pi)$ ,
$|u|_{m}=\sqrt{(u,u)_{m}}$ Hilbert .
:
Corollary 6.1 ([15, Corollary 1.9]). (i) $\mathcal{H}^{0}(0, \pi)=L^{2}(0, \pi)$ .
(ii) $\mathcal{H}^{m}’(0, \pi)\subset \mathcal{H}^{m}(0, \pi)$ , $m’\geq m$ .
(iii) $|$ u $|_{m}\leq|$ u $|_{m}$, , $u\in \mathcal{H}^{m’}$ (o, $\pi$), $m’\geq m$ .
(iv) $\mathcal{H}^{m}(0, \pi)=D(D^{m})$ .
(v) $\mathcal{H}^{m}(0, \pi)=W^{*}D(y^{m})$ .
:
Theorem 6.2 ([15, Theorem 1.10]). $\mathcal{H}$m$(0, \pi)\subset C^{m-1}(0, \pi)$ , $m=1,2,3,$ $\ldots$ .
lemma .
Lemma 6.3 ([15, Lemma 2.1]). $u$ $\mathcal{H}^{m}(0, \pi)$ , $k=0,1$ , $2,$ $\ldots,$ $m-$
$1$ . , $y^{k}Wu\in L^{1}$ (R).
7 Sobolev
$f\in L^{2}(0, \pi)$ , $u\in \mathcal{H}^{2}(0, \pi)$
-sin$2x \frac{d^{2}u}{dx^{2}}-$ 2sinx cos $x \frac{du}{dx}-\frac{1-3\sin x}{4}u+\lambda^{2}u=f$ in $(0, \pi)$ , (7.1)
, $\lambda>0$ .
4
$D^{2}= \sin x\frac{d^{2}}{dx^{2}}+2\sin x\cos x\frac{d}{dx}+\frac{1-3\sin x}{4}$
,
$-D^{2}u+\lambda^{2}u=f$ in $(0, \pi)$ (7.2)
.
$L^{\overline{2}}(0, \pi)$ , $\mathcal{H}^{2}(0, \pi)$ $||\cdot||,$ $|\cdot|$ 2 ,
corollary .
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Corollary 7.1 ([15, Corollary 3.1]). $f$ $L^{2}(0, \pi)$ . ,
(7.1) $u\in \mathcal{H}^{2}(0, \pi)$ ,
$|$ u $|_{2}\leq.C||f||$
. , $C>0$ $u$ . , $u$ $f$
. , $u\in C^{1}(0, \pi)$ .
$f$ , $u$ exphcit
.
Corollary 7.2 ([15, Corollary 3.3]). $f$ $C_{0}^{\infty}(0, \pi)$ . ,
(7.1) $u\in \mathcal{H}^{2}(0, \pi)$
$u(x)= \frac{1}{2\lambda\sqrt{\sin x}}\int_{0}^{\pi}\frac{f(\xi)}{\sqrt{\sin\xi}}\exp[-\lambda|\ln\tan\frac{\xi}{2}-\mathrm{h}\tan\frac{x}{2}|$ ] $d\xi$
explicit .
Proof. (7.2) $W$ ,
$y^{2}Wu+\lambda^{2}Wu=Wf$ in $\mathbb{R}$ .
,
$Wu= \frac{Wf}{y^{2}+\lambda^{2}}\in D(y^{2})$ .
, (7.1) $u\in \mathcal{H}^{2}(0, \pi)$ . Proposition 3.5
,
$u(x)= \int_{\mathbb{R}}u_{y}(x)\frac{Wf(y)}{y^{2}+\lambda^{2}}dy$ $(\mathrm{a}.\mathrm{e}. x\in[0, \pi])$
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